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Abstract A strategy to perfectly preserve the two-qubit state is investigated in geometric
quantum computation for nuclear magnetic resonance system. The results show that, by
controlling the azimuthal angle in the initial state, we may realize the geometric quantum
gate with a perfect fidelity under the geometric quantum computation. The way may be
extended to other physical systems.

Keywords Geometric phase · Geometric quantum computation · Geometric quantum
gate · Fidelity

1 Introduction

The wave function of a quantum system retains a memory of its motion in the form of a geo-
metric phase factor when it undergoes a closed evolution in parameter space. Methods for
the physical implementation of quantum computation via geometric phase have been pro-
posed, based on the all-geometric approach called holonomic quantum computation, which
has the feature that one can achieve the entangling universal quantum gates based entirely
on purely geometric operations (holonomies). Geometric quantum computation is a scheme
that is potentially intrinsically fault tolerant and therefore resilient to certain types of com-
putational errors [1–4] because the whole geometric properties are only used by considering
the geometric phase shifts [5–8].

Z.Q. Chen · J.Q. Wang · X.L. Li · Y.H. Ji · Y.Y. Jiang · Z.S. Wang (�)
College of Physics and Communication Electronics, Jiangxi Normal University, Nanchang 330022,
People’s Republic of China
e-mail: zishengwang@yahoo.com

J.Q. Wang
Hubei Radio TV University, Wuhan 430074, People’s Republic of China

B.R. Zhang
Department of Applied Chemistry, Wuhan University of Technology, Wuhan 430070, People’s
Republic of China

mailto:zishengwang@yahoo.com


Int J Theor Phys (2009) 48: 2904–2915 2905

From theoretical outlook, a pure geometric quantum gate can be implemented based only
on adiabatic geometric phases. Because the long operation time is required for adiabatic
evolution, it is difficult to experimentally realize the quantum computation with adiabatic
evolution. Therefore, Aharonov and Anandan phase (A-A phase) was suggested to realize
the geometric quantum gates, which allow for fastening gate-operation time and have an in-
trinsically geometric feature [9, 10]. Up to now, there existed three approaches to obtain the
geometric quantum gate: Firstly, the qubits was drived to undergo an appropriately adiabatic
or nonadiabatic cyclic evolution, where the dynamical phase is cancelled by single-loop or
multi-loop rotating operations [11–14]. Secondly, a harmonic oscillator is displaced along a
closed path condition on the state of the qubits in the rotating frame [15, 16]. However, the
complexity of controlling the process will lead to many calculational mistakes. Thirdly, a
different approach [17] was proposed to implement the geometric quantum computation by
directly controlling the magnetic field parameters, i.e., the strength and direction of magnetic
field, where the dynamic and the geometric phases satisfy the specific relationship in nuclear
magnetic resonance system (NMR). Obviously, it is easier to implement the geometric quan-
tum gate in laboratory by controlling the magnetic field [17]. Therefore an interesting issue
is how to obtain a higher fidelity for the scheme of geometric quantum gate.

Fidelity is of fundamental importance in information science as well as in the quantum
optics because it is a degree of closeness to the original state of information, which has
been adopted broadly as an important physical parameter in quantum information [18–20].
Fidelity can measure the performance of quantum teleportation and describe the similarity
between the input state and the teleported state. In order to obtain a better output result,
the efforts of increasing the fidelity of quantum teleportation in continuous-variable systems
have greatly been made [21–23]. In order to perfectly preserve the initial quantum state in the
geometric quantum computation, therefore, it is interesting to study the relations between
the fidelity and proportional constant between the dynamic and geometric phases.

2 Universal Entangling Geometric Quantum Gate

The concepts of quantum interference, correlations and entanglement are at heart of quantum
mechanics. Therefore it is interesting in considering the NMR Hamiltonian for the two-qubit
system [24, 25]. In order to simplify our computation but without loss of generality, we only
consider the spin-spin coupling interaction between the target and control qubits. The total
Hamiltonian is

H(t) = −1

2
�1[(σ1x + σ2x) sin θ cosωt + (σ1y + σ2y) sin θ sinωt]

− 1

2
�2(σ1z + σ2z) cos θ + 1

4
λ�σ1 · �σ2, (1)

where σi (i = x, y, z) are Pauli spin operators. �i = gμBi/� are the gyromagnetic,
Bi (i = 1,2) and θ act as an external controllable parameters and can be experimentally
changed, λ is the strength of the interaction between two qubits. By redefining �J = �σ1 + �σ2,
where [Jm,Jn] = 2i ∈mnl Jl (m,n, l = x, y, z) are satisfied.

Suppose that |�(t)〉 is a state vector of the NMR two-qubit system that evolves according
to the time-dependent Schördinger equation (� = 1). Such as

i
∂

∂t
|�(t)〉 = H(t)|�(t)〉. (2)
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Under a canonical transformation, the state vector may be written as

|�(t)〉 = exp

(
− i

2
ωtJz

)
|�̄(t)〉. (3)

Inserting (3) into (2), one finds that |�̄(t)〉 satisfies the following equation,

i�
∂

∂t
|�̄(t)〉 = H̄ |�̄(t)〉, (4)

where the effective Hamiltonian is given by

H̄ = −1

2
� exp

(
− iχJy

2

)[
Jz + λ

4�
( �J 2 − 6)

]
exp

(
iχJy

2

)
, (5)

with

� =
√

(�1 sin θ)2 + (�2 cos θ + ω)2, (6)

sinχ = �1 sin θ

�
, cosχ = �2 cos θ + ω

�
. (7)

The eigenequations of the effective Hamiltonian H̄ may be expressed as

H̃φJK =
{
−1

2
k� + λ

2

[
J (J + 1) − 3

2

]}
φJK, (8)

where J = 1 with k = 1,0,−1 or J = 0 with k = 0. For J = 1, the corresponding eigenfuc-
tions are expressed respectively by

�1+1 = exp

(
− i

2
χJy

)
|00〉, �1−1 = exp

(
− i

2
χJy

)
|11〉,

�10 = exp

(
− i

2
χJy

)
1√
2
(|01〉 + |10〉);

For J = 0, the eigenfunction is

�00 = exp

(
− i

2
χJy

)
1√
2
(|01〉 − |10〉).

While {|00〉, |01〉, |10〉, |11〉} are the computational basis for the two-qubit system.
Suppose that the wave vector is expressed as

|�(t)〉 = U(t)|�(0)〉, (9)

where |�(0)〉 is an initial state of the system and the unitary transformation matrix may be
given by

U(t) = exp(−iωtJz/2) exp(−itH̃ )

=

⎛
⎜⎜⎝

a1e
−iωt b1e

−iωt b1e
−iωt ce−iωt

b1 1 + c c −b2

b1 c 1 + c −b2

ceiωt −b2e
iωt −b2e

iωt a2e
iωt

⎞
⎟⎟⎠ , (10)
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where

a1,2 = 1 + 3 + cos 2χ

4
(cos�t − 1) ± i sin�t cosχ,

b1,2 = sin 2χ

4
(cos�t − 1) ± i

2
sin�t cosχ,

c = 1 − cos 2χ

4
(cos�t − 1).

From (10), the total phase of the system under the cyclic evolution with the period T =
2π/ω is given by

αJk = kπ + π

ω

{
−k� + λ[J (J + 1)] − 3

2

}
, (11)

and the corresponding dynamic phase may be obtained by

βJk =
∫ T

0
〈�(t)|H(t)|�(t)〉dt = π

ω

{
−�k + λ

[
J (J + 1) − 3

2

]}
+ kπ cosχ. (12)

Thus, the geometric phase may be written as

γJK = αJK − βJK = kπ(1 − cosχ). (13)

In order to get the geometric quantum gate, one may control the magnetic field and let
dynamic and geometric phases satisfy the following specific relationship [17], i.e.,

βJK = πλ

ω

[
J (J + 1) − 3

2

]
+ xγJK, (14)

from (12) and (13), it is easy to find

x = − (�1 sin θ)2 + (�2 cos θ)2 + ω�2 cos θ

ω(� − ω − �2 cos θ)
, (15)

which may be obtained by adjusting the magnetic field parameters.
Under the computational basis {|00〉, |01〉, |10〉, |11〉}, the unitary transformation matrix

U(T )with the cyclic evolution, between the input and output states, can be written as

U(T )= 1

2

⎛
⎜⎜⎜⎝

a1 + a2 cosχ + sin2 χ a2 sinχ − 1
2 sin 2χ a2 sinχ − 1

2 sin 2χ a1 − a2 cosχ − sin2 χ

a2 sinχ − 1
2 sin 2χ L + cos2 χ + 1 L + cos2 χ − 1 a4 sinχ + 1

2 sin 2χ

a2 sinχ − 1
2 sin 2χ L + cos2 χ − 1 L + cos2 χ + 1 a4 sinχ + 1

2 sin 2χ

a3 + a4 cosχ − sin2 χ a4 sinχ + 1
2 sin 2χ a4 sinχ + 1

2 sin 2χ a3 − a4 cosχ + sin2 χ

⎞
⎟⎟⎟⎠,

(16)
where

a1,2 = exp[−i(1 + x)γ ] cos2 χ

2
± exp[i(1 + x)γ ] sin2 χ

2
,

a3,4 = exp[−i(1 + x)γ ] sin2 χ

2
± exp[i(1 + x)γ ] cos2 χ

2
,

L = cos[(1 + x)γ ] sin2 χ,

γ = π(1 − cosχ).
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Thus, an entangling universal geometric quantum gate is constructed based entirely on
purely geometric quantum operations (holonomies).

3 Fidelity of Two-Qubit Geometric Quantum Gate

It is well-known that fidelity can measure the performance of quantum information and
describe the similarity between the input and output states. Therefore, the fidelity has been
adopted broadly as an importantly physical parameter in quantum communication and quan-
tum computation. In order to obtain a better output result in the geometric quantum compu-
tation, we firstly compute the fidelity for the two-qubit geometric quantum gate. The fidelity
was defined by Schumacher [26] as

F(t1, t2) = {
Tr(

√
ρ(t1)ρ(t2)

√
ρ(t1))

1/2
}2

, (17)

where ρ(t1) = |�(t1)〉〈�(t1)| and ρ(t2) = |�(t2)〉〈�(t2)| are the density operators corre-
sponding to initial and final pure states, respectively. Equation (17) is a more satisfactory
definition of the fidelity in general. Its ranges are obviously between 0 and 1. If the initial
and the final states are orthogonal each other, then F(t1, t2) = 0, which indicates that the
quantum information is totally distorted in the quantum computation. If the initial and final
states are coincided, then F(t1, t2) = 1, which implies that the quantum information is no
distortion in the geometric quantum computation. If 0 < F(t1, t2) < 1, the certain distortion
exists in the transmission processing of information.

For the evolution of pure states, based on (17), we have

F(t1, t2) = |〈�(t1)|�(t2)〉|2, (18)

when J = 1 with k = 1, the initial state of the system is

|�(0)〉 = cos2 ϕ

2
|00〉 + 1

2
sinϕ(|01〉 + |10〉) + sin2 ϕ

2
|11〉, (19)

where ϕ is an azimuthal angle of the Block sphere. In terms of (9), (10), and (19), at the
time t > 0, the state vector of the system may be written as

|�(t)〉 = U(t)

(
cos2 ϕ

2
,

1

2
sinϕ,

1

2
sinϕ, sin2 ϕ

2

)T

. (20)

Substituting (10), (19) and (20) into (18), we find that the fidelity may be expressed as

F(t) = A2 + B2, (21)

where

A = 3 + cos 2ϕ

16
{[4 + (3 + cos 2χ)(cos�t − 1)] cosωt + 4 cosχ sin�t sinωt}

+ sin 2ϕ

8
[sin 2χ(cos�t − 1)(1 + cosωt) + 2 sinχ sin�t sinωt]

+ 1 − cos 2ϕ

16
[4 + (1 − cos 2χ)(cos�t − 1)(cosωt + 2)],
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Fig. 1 Fidelity with an initial
singlet state in two-qubit
geometric quantum gate as a
function of evolving time with
parameters (a) x = 0, ϕ = 0,
χ = π/6, and (b) x = 0, ϕ = 0,
χ = 2π/3, respectively

B = cosϕ

4
{4 cosχ sin�t cosωt − [4 + (3 + cos 2χ)(cos�t − 1)] sinωt}

+ sinϕ

4
[2 sinχ sin�t(1 + cosωt)] − sin 2χ(cos�t − 1) sinωt,

and

�t = ωt

(
cosχ − 2x sin2 χ

2

)
,

which depends obviously on the proportional constant x and the initial angle ϕ.
It is noted that, differently from the single-qubit system,

x = 0, βJK = πλ

ω

[
J (J + 1) − 3

2

]
.

Therefore, the two-qubit system has not dark states. When x �= 0, dynamic and geometric
phases satisfy the relation (14). Figures 1 and 2 show that the fidelity evolves according to
the ωt , where two-qubit system is initially in unentangled and entangled states in the case
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Fig. 2 Fidelity with an initial
superposition state in two-qubit
geometric quantum gate as a
function of evolving time with
parameters (a) x = 0, ϕ = π/2,
χ = π/6, and (b) x = 0,
ϕ = π/2, χ = 2π/3, respectively

of x = 0, respectively. The different cases for x = 2 are shown at Figs. 3 and 4. We see that
the curves of fidelity oscillate with the evolving time. Moreover, the oscillated periods and
amplitudes depend on the initial conditions. For all cases, we find that, when the system is
initially in unentangled state, the fidelity can go back one after cyclic evolution. As shown at
Figs. 1 and 3, differently from the case of untangled state, it will lose quantum messages for
the case of initial entangled state. As shown at Figs. 2 and 4, furthermore, we find that the
amplitude and period of fidelity depend on the magnetic field parameters, initial condition
and proportional constant between the dynamic and geometric phases. The phenomenon of
complete distortion will appear during whole evolving process for the case of initial entan-
gled states. In order to perfectly preserve the initial quantum entangled state in geometric
quantum computation, therefore, we will seek how to get a perfect fidelity by controlling the
magnetic field and initial states.

Under a periodic evolution, the fidelity in (21) of two-qubit system is expressed as

F(T ) =
{

1 + [cos(2π cosχ + 2πx cosχ − 2πx) − 1]
[

3

4
+ 1

4
cos(2ϕ − 2χ)

]}2

+ [sin(2π cosχ + 2πx cosχ − 2πx) cos(ϕ − χ)]2. (22)
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Fig. 3 Fidelity with an initial
singlet state in two-qubit
geometric quantum gate as a
function of evolving time with
parameters (a) x = 2, ϕ = 0,
χ = π/6, (b) x = 2, ϕ = 0,
χ = 2π/3 and (c) x = 2, ϕ = 0,
χ = 5π/3, respectively
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Fig. 4 Fidelity with an initial
superposition state in two-qubit
geometric quantum gate as a
function of evolving time with
parameters (a) x = 2, ϕ = π/2,
χ = π/6, (b) x = 2, ϕ = π/2,
χ = 2π/3, and (c) x = 2,
ϕ = π/2, χ = 5π/3, respectively
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For J = 1 with k = 1, the initial state of the system is expressed as

|�(0)〉 = 1√
2
[− sinϕ|00〉 + cosϕ(|01〉 + |10〉) + sinϕ|11〉]. (23)

In the case, similarly, the fidelity under the periodic evolution is described by

F(T ) =
{

1 + [cos(2π cosχ + 2πx cosχ − 2πx) − 1]
[

1

2
− 1

2
cos(2ϕ − 2χ)

]}2

. (24)

For J = 1 with k = 1, the initial state of the system is given by

|�(0)〉 = sin2 ϕ

2
|00〉 − 1

2
sinϕ(|01〉 + |10〉) + cos2 ϕ

2
|11〉, (25)

under the periodic evolution, the fidelity may be obtained by

F(T ) =
{

1 + [cos(2π cosχ + 2πx cosχ − 2πx) − 1]
[

3

4
+ 1

4
cos(2ϕ − 2χ)

]}2

+ [sin(2π cosχ + 2πx cosχ − 2πx) cos(ϕ − χ)]2. (26)

For J = 1 with k = 1, the initial state is

|�(0)〉 = 1√
2
(|01〉 − |10〉), (27)

which will always give out a perfect fidelity under the periodic evolution.
Form the (22), (24) and (27), we find that, when

ϕ − χ = kπ, k = 0,1,2, . . . (28)

for arbitrary initial states, one has

F(T ) = 1, (29)

which means that one may perfectly preserve an initially entangled state in the geomet-
ric quantum computation under the condition (28). Therefore, it is very important for the
processing of quantum computation and communication. Thus, we may control the initial
angle of two-qubit system in the initial states to satisfy ϕ − χ = kπ in order to get a perfect
fidelity under the cyclic evolution. This strategy provides also a new idea to implement the
quantum information transmission and geometric quantum computation.

4 Conclusion

In this paper the magnetic field parameters are proposed to firstly adjust in order to make the
dynamic and geometric phases satisfy (14) in terms of (12) and (13). So that the proportional
constant x is determined by (15). Then, by solving (6), (7), (15), and (28), we can get
a relation between the initial angle ϕ and the proportional constant x. The relation offers
a wide choice of between ϕ and x. At last, one may prepare the geometric two qubits in a
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Fig. 5 Initial azimuthal angle of
Poincare sphere for initial state as
a function of the related x

between dynamic and geometric
phases in case of k = 0 and
�1 = �2 = ω. The results show
that it is easy to control ϕ to
satisfy (27) so that one may get a
perfect fidelity in the geometric
quantum computation

certain original state satisfied (28), which makes the fidelity under the cyclic evolution be
equal to one. As an example, we choose that �1 = �2 = ω. The relation between ϕ and x

may be written as

ϕ = kπ ± arctan

(√(
1 + x

x

)2

− 1

)
, (30)

which implies that it is easy to satisfy (30) by operating x as shown at Fig. 5. The way may
be expanded to the other physical systems.

In conclusion, a strategy is investigated to perfectly preserve the geometric quantum
information by controlling the magnetic field and initially entangled state. It is very helpful
in experiment to realize the geometric quantum computation with a perfect fidelity.
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